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Long itud ina 1 acceleration 
Beam cross-sectional area 
Boundary value constants depending upon initial conditions 
fk} (m) The kth element in the matrix 
Damping factor 
Square array of elements appearing in characteristic 
determinant 
Bending stiffness of uniform beam 
Displacement function at time t = 0 
Velocity function at time t = 0 
[Eik] 
[Fjk] 
Coefficient in the jth row and kth column of matrix 
i = 1,2,... 
Coefficient in the jth row and kth colmn of matrix 
Acceleration due to gravity 
Coefficient in the jth row and k 
= Coefficient in the jth row and kth column of matrix 
i = 1,2,... 
kjk] 
t h. column of matrix 
kik] 
Growth factor 
Function formed from A(a) to eliminate singularities 
Identity matrix 




Ke D i r e c t i o n a l  c o n t r o l  f a c t o r  determining t h r u s t  v e c t o r  
gimbal a n g l e  
a Length of uniform beam 
Mass pe r  u n i t  length of beam m 
M Moment d i s t r i b u t i c n  in  beam; a l s o ,  range of  index m i n  
eva lua t ion  of A (w ) 
Number of bending degrees  o f  freedom assumed i n  numerical 
ana 1 ys i s  
j j  
N 
L a t e r a l  f o r c e  on beam a r i s i n g  from component of t h r u s t  due 
t o  gimbaling 
P 
P Axial  f o r c e  d i s t r i b u t i o n  i n  beam 
Product of diagonal elements of A ( a )  P r  
Rigid-body general ized coord ina te s  
nth bending general ized coord ina te  
Modulus of z - +y r  





Rea 1 - t ime va r i a b  1 e t 
TO 
Amplitude of cons t an t  t h r u s t  
T1 Amplitude of s i n u s o i d a l l y  varying t h r u s t  
Cri t ical  end t h r u s t  f o r  c a n t i l e v e r  beam wi th  d i r e c t i o n  
of t h r u s t  p a r a l l e l  t o  a x i s  of beam 
Nondimensional t h r u s t  parameter = Toe /E1 
Longitudinal  displacement of p a r t i c l e s  of beam measured 




u ( x , t >  
V L a t e r a l  f o r c e  d i s t r i b u t i o n  i n  beam 
Lagrangian coord ina te  de f in ing  p o s i t i o n  of p a r t i c l e s  i n  
uns t r a ined  beam r e l a t i v e  t o  one end of t h e  beam 
X 
x-coordinate  corresponding t o  t h e  l o c a t i o n  of d i r e c t i o n -  





y ( x , t )  
z 
c i  
2 a 
a 







La t era  
1 i n e  
d i sp lacanen t  of a x i s  of beam from f i x e d  r e f e r e n c e  
= cos 2na 
= cos 2n F f 
jj 
= M/AE 
C h a r a c t e r i s t i c  exponent whose va lue  i n d i c a t e s  t h e  s t a b i l i t y  
of a system whose motion is  r ep resen ted  by l i n e a r  d i f f e r e n t i a l  
equa t ions  with pe r iod ic  c o e f f i c i e n t s  
Argument of z 
= T1/T 
0 
Dirac d e l t a  func t ion  
Value of t h e  i n f i n i t e  determinant of c o e f f i c i e n t s  obtained 
from s e r i e s  expansion of $ (t) k 
A small  q u a n t i t y  
Gimbal ang le ,  equal t o  r o t a t i o n  of t h r u s t  v e c t o r  from a 
tangent  t o  t h e  beam-def l e c t i o n  curve 
Uniform beam frequency parameter = o 
4 2 m a  
n E1 
Nondimensional coordinate  = x/E 
Nondimensional time v a r i a b l e  = olt  
Mode shape o f  nth v i b r a t i o n  mode of uniform f r e e - f r e e  beam 
A f u n c t i o n  d e f i n i n g  the l o n g i t u d i n a l  f o r c e  d i s t r i b u t i o n  
i n  a uniform beam a r i s i n g  from t h e  varying t h r u s t  
component 
Ro ta t ion  of t h e  beam element l oca t ed  a t  x 
Rota t ion  of t h e  beam element l oca t ed  a t  xG 
A m a t r i x  whose elements have a p e r i o d i c  v a r i a t i o n  of 
2ll i n  t 
i v  
. 
w n 









Beat frequency of Q & wL 
Fundamental l o n g i t u d i n a l  frequency of f r e e - f r e e  beam 
L a t e r a l  bending frequency of nth mode o f  f r e e - f r e e  beam 
L a t e r a l  bending frequency of nth mode of f r e e - f r e e  beam 
with end t h r u s t  
Nondimensional frequency parameter used t o  r e p r e s e n t  
gene ra l  form of s o l u t i o n  
Nondimensional l ong i tud ina l  frequency = w /w L 1  
Nondimensional bending frequency = w /a1 
n 
Nondimensional bending frequency = w ( n > / W 1  
Frequency of t h r u s t  v a r i a t i o n  
1 
Nondimensional frequency of t h r u s t  v a r i a t i o n  = n/w 
a 




The dynamic s t a b i l i t y  of an uniform f r e e - f r e e  beam under a 
gimbaled t h r u s t  of p e r i o d i c a l l y  va ry ing  magnitude was i n v e s t i g a t e d  
i n  a t h e s i s  by Thomas Reynolds Beal [l] As an  ex tens ion  of t h i s  
p re l imina ry  problem t h i s  s tudy  w i l l  i nc lude  t h e  e f f e c t s  of damping 
and a r b i t r a r y  i n i t i a l  cond i t ions  upon s t a b i l i t y  and response of a 
beam on t h e  l a t e r a l  bending mode of v i b r a t i o n .  
As t h e  most gene ra l  conf igu ra t ion  a s l e n d e r  uniform beam i s  
a c c e l e r a t e d  through space by a non-conservative f o r c e ,  T 
s t a r t i n g  from rest. To and T a r e  c o n s t a n t s  w i th  T being t h e  amplitude 
of t h e  p e r i o d i c a l l y  varying t h r u s t  component. An a t t i t u d e  sensor  
c o n t r o l s  t h e  t h r u s t  ang le  by means o f  a simple feedback system thereby 
ach iev ing  r i g i d  body s t a b i l i t y .  I t  i s  assumed t h a t  a l i n e a r  r e l a t i o n -  
s h i p  
r o t a t i o n  where t h e  a t t i t u d e  sensor i s  loca ted  ( s e e  F ig .  1). L i n e a r i t y  
of t h e  r e s u l t a n t  d i f f e r e n t i a l  equat ions of motion i s  t o  b e  maintained,  
bu t  t h e  e f f e c t s  of l o n g i t u d i n a l  compliance upon t h e  t r a n s v e r s e  
motion of t h e  beam i s  t o  be incorporated.  The normal assumption of 
s m a l l  ang le s  and s lopes  i s  maintained t o  i n s u r e  l i n e a r i t y .  
f T1 cos $2 t ,  
0 
1 1 
e x i s t s  between t h e  gimbal ang le  ( o r  t h r u s t  a n g l e )  and t h e  element 
Analysis  i s  s i m p l i f i e d  by the fol lowing r e s t r i c t i o n s :  
1. Slender  uniform beam 
2. Simple feedback system i s  ma in ta in ing  r i g i d  body d i r e c t i o n a l  
c o n t r o l  
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(b) DEFORMED STATE - WITH CONTROL 
A T x - L  
FIG. 1 FREE BEAM WITH END THRUST 
2 
4 .  
5 .  
Shear deformation and r o t a r y  i n e r t i a  e f f e c t s  a r e  neglected 
Damping i n  l o n g i t u d i n a l  motion i s  neg lec t ed .  
By inc lud ing  damping and taking i n i t i a l  cond i t ions  i n t o  account an 
a n a l y t i c a l  model which more c l o s e l y  approximates modern space v e h i c l e  
s t r u c t u r e  and environment i s  achieved. One of t h e  most s e r i o u s  
o v e r - s i m p l i f i c a t i o n s  i s  t h e  choice o f  an  uniform beam, bu t  it i s  f e l t  
t h a t  t h e  theo ry  and a n a l y s i s  presented h e r e i n  may be extended t o  inc lude  
beams wi th  concentrated masses and d i scon t inuous  s t i f f n e s s  d i s t r i b u t i o n .  
The equat ion of motion derived f o r  t h e  beam under c o n s i d e r a t i o n  i s  
reduced t o  an i n f i n i t e  se t  of l i n e a r  o r d i n a r y  d i f f e r e n t i a l  equat ions 
by t h e  method of Galerkin [13] A method of s o l u t i o n  f o r  an i n f i n i t e  
s e t  of Mathieu type d i f f e r e n t i a l  equations was t h e  primary c o n t r i b u t i o n  
of Thomas R. Beal 1 where damping w a s  neg lec t ed .  By a s u i t a b l e  
change of v a r i a b l e  t h e  problem w i t h  damping may b e  reduced t o  a form 
t h a t  may b e  solved by t h e  methods s e t  f o r t h  b y  Beal. 
[ I  
This  t e c h n i c a l  memo i s  prepared mainly through t h e  e f f o r t  of 
M r o  J i m  Kincaid,  w i th  o t h e r  members o f  t h e  team p a r t i c i p a t i n g  i n  t h e  
work from time t o  t i m e o  
t h i s  p o r t i o n  of t h e  c o n t r a c t  work. 
programmed f o r  t h e  IBM 7094 computer and v e r i f i e d .  
a f u l l  parameter s tudy i s  being i n i t i a t e d  and w i l l  be completed i n  t h e  
near  f u t u r e .  
This r e p o r t  r e p r e s e n t s  t h e  p r o g r e s s  t o  d a t e  of  
The formulat ion enclosed has  been 
A t  t h e  p r e s e n t  t ime, 
3 
200 ANALYTICAL DEVELOPMENT 
2.1 Equations of Motion 
The coord ina te  system of t h e  beam under a n a l y s i s ,  shown i n  Fig.  2a, 
r e l a t e - s  p a r t i c l e  o r  element displacement t o  a Lagrangian coord ina te  
system. In i t s  i n i t i a l  s t a t e  t h e  x coord ina te  l o c a t e s  p a r t i c l e  p o s i t i o n  
wh i l e  t h e  y coord ina te ,  a func t ion  of x & t 9  measures p a r t i c l e  l a t e r a l  
motion r e l a t i v e  t o  a f i x e d  r e fe rence  l i n e .  Par t ic le  displacement 
u ( x , t )  measures p a r t i c l e  motion p a r a l l e l  t o  t h e  f i x e d  r e f e r e n c e  l i n e .  
It i s  assumed t h a t  t h e  beam i s  uniform i n  CPOSS s e c t i o n  and mass 
d i s t r i b u t i o n ,  t h a t  simple beam theory i s  a p p l i c a b l e ,  and t h a t  shear  
and r o t a r y  i n e r t i a  e f f e c t s  may be considered n e g l i g i b l e .  
It was p rev ious ly  s t a t e d  i n  the i n t r o d u c t i o n  t h a t  t h e  beam 
m a i n t a i n s  r o t a t i o n a l  s t a b i l i t y  by a simple feedback system o r  i n  
equat ion form 
where % is  t h e  c o n s t a n t  of p r o p o r t i o n a l i t y  between t h e  gimbal a n g l e  
0 and t h e  a t t i t u d e  senso r  r o t a t i o n  angle JIG l oca t ed  a t  s t a t i o n  x = G. 
In  Fig.  2b an  equ i l ib r ium diagram of f o r c e s  on a beam element i s  shown. 
Considering t h i s  element a t  s t a t i o n  x = G,  t h e  ang le  $G i s  seen t o  be 
-1 ax 
$G = t a n  (2.2) 
4 
. 
Y -  
REFERENCE POSITION 




f - -  
P -  
Y +  I 
I ax 2 
1 -- - - -- - - - - -!- 
(b) FORCES ON BEAM E L m E N T S  
2 d x  
a K 2  
REF. LINE 
F I G .  2 CONTROLLED BEAN WITH THRUST OF PERIODICALLY VARYING MAGNITUDE 
5 
and t h e  gimbal ang le  may b e  w r i t t e n  as 
An element of t h e  beam shown i n  Fig.  2b is i n  equ i l ib r ium a t  some 
a r b i t r a r y  p o s i t i o n  and t i m e .  L a t e r a l  f o r c e s  a c t i n g  on t h e  element 
a re  t h e  i n e r t i a l  f o r c e  I U ~  dx, t he  app l i ed  s i d e  load pdx, and t h e  
2 
a t '  
damping term C z. 
The equat ions of e q u i l i b r i u n  a r e  r e a d i l y  obtained by t h e  summation 
of f o r c e s  and moments a s  
2 a x + "  av Q + c z + p = o  2 
a t  
au - aM + p 3! - v (1 +-) = 0. 
ax ax ax 
In simple beam theory  t h e  moment a t  any c r o s s  s e c t i o n  may be 
w r i t t e n  a s  
a2y 
2 M = E 1  ax 
and from e l a s t i c i t y  
(2 .5 )  
(2.6) 
( 2 . 7 )  
6 
au  I f  t h e  a n g l e  of r o t a t i o n  ?Y and s t r a i n  ax a re  considered small 
ax 
i n  comparison t o  u n i t y  which are assumptions used t o  o b t a i n  Eqs. (2.7 
& 2.8) t h e n  Eq. (2.6) may be w r i t t e n  as 
S u b s t i t u t i n g  Eq. (2 .8)  i n t o  Eq. (2 .4)  w e  o b t a i n  t h e  f a m i l i a r  
wave equat ion 
which is  t h e  d i f f e r e n t i a l  equat ion of l o n g i t u d i n a l  v i b r a t i o n s .  
The l o n g i t u d i n a l  displacement f u n c t i o n  u i s  seen t o  be dependent 
upon t h e  f o r c i n g  f u n c t i o n  To + T1 cos n t  and t h e  gimbal a n g l e  
by equa t ion  (2.8). I f  t h e  gimbal angle i s  r e s t r i c t e d  t o  small a n g l e s  
then a t  
I au 0 I1 X = g :  - = - - - - c o s n t  
ax AE AE 
and a t  
x = o :  - =  a u  0 (2.  l o b )  
ax 
L e t  a s o l u t i o n  u be a product of X and T which a r e  f u n c t i o n s  1 
of x and t r e s p e c t i v e l y o  
u1 = XT 
7 
(2.11) 
S u b s t i t u t i o n  of  Eq. (2.11) i n t o  Eq. (2 .9)  y i e l d s  
Const. 
- - = - - =  1 d2X a2 d2T 
dx2 d t 2  
(2.12) 
where a2  = 
a p e r i o d i c  so lu t ion .  
Let t h e  c o n s t o  term i n  Eq. (2.12) equal  -V2 t o  achieve  AE ' 
S o l u t i o n s  of Eq. (2.12) may b e  w r i t t e n  as  
X = C cos vx + C s i n  vx (2.13) 1 2 
V -* + c4 s i n  ;;t V T = C cos a 3 
Therefore  b y  Eq- (2011)  
(2.14) 
V V u1 = ( c l  cos  vx + c 2 sin vx)(c3 cos 7; t + c4 s i n  a t )  (2.15) 
(2016)  - -  V V ax 2 a - (-vel s invx  + VC cos  vx>(C3 cos a t + c4 s i n  - t )  
aUl 
Boundary cond i t ions  a p p l i c a b l e  t o  a p e r i o d i c  s o l u t i o n s  a r e  a t  
aul T1 
ax - = - cos nt x = 11:  
and a t  
Using t h e  B.C. o f  Eq. (2*17b)  and Eq. (2.16) 
c = o  2 
and t h e  B.C. o f  Eq. (2.17a) and Eq. (2.16) 





may then  be w r i t t e n  a s  
u = -  TIQLcos anx cos nt 
1 J l m s i n  an 
L e t  u b e  of t h e  form 2 
u = X S T  2 
s u b j e c t  t o  t h e  B.C. t h a t  a t  
au2 TO - - -  
ax AE 
x = 11:  
- 0  x = O :  - -  au2 ax 
It i s  e a s i l y  shown t h a t  
2 T 0 x To t2 
= - - -  
2AE11 2AEaa2 2 
p l u s  some c o n s t a n t s  t h a t  do not  a f f e c t  ax. au 
The p a r t i c u l a r  s o l u t i o n  of Eq. (2.9) i s  w r i t t e n  







T ~ c o s  am cos at T x L  0 u =e-.. f -  
P 2AEP 2AEa2g a m s i n  an 
To o b t a i n  a gene ra l  s o l u t i o n  a term u must  be added t o  t h e  
0 
p a r t i c u l a r  s o l u t i o n  u 
i n i t i a l  cond i t ions .  




Choose uo of t h e  form 
u = XT 
0 
s u b j e c t  t o  t h e  boundary cond i t ions  
u (X,O) = f(x) - u (X,O) 
0 P 
a uO - ( 0 , t )  = 0 ax 
a uO - ( e , t >  = 0 
a x  
S u b s t i t u t i o n  of Eq. (2.24) i n t o  the wave equat ion y i e l d s  
(2.24) 
( 2 . 2 5 ~ )  
( 2 0  25d) 
and 
(2.27) k k 
0 a 
u = (c l  cos  kx + c2 s i n  10r)(c3 cos ; t + c4 s i n  - t >  
a uO k k - = (-C k s i n  kx + C2k cos k x ) ( C 3  cos - t + C4 s i n  - t >  
ax 1. a a 
(2.28) 
From Eq. (2.25c, 2.25d) and Eq. (2.28)  
c = o  2 






I *  
I 
and 
nux u = A  + r [ l  C O S T  nnt + B* s i n  
0 0 n n=l 
QD 
nwx + B cos 7 cos a0 n r t  au  - =  at n=l 1 %[ - An s i n  n 
Eq. (2.25a) and Eq. (2 .30)  y i e l d s  
and i n t e g r a t i n g  over  t h e  length  y i e l d s  nnx Mul t ip ly ing  by cos a
dx nux A n a  = 2 \ l  [ f ( x )  - u P (X,O) 
In  a s i m i l a r  manner Eq. (2.25b) and Eq. (2.31) y i e l d s  
The gene ra l  s o l u t i o n  becomes 
-I CI 
T x L  T o t L  T1 cos aax cos nt + -  0 u = u  + u  = - - -  
AE s i n  ana 
P O  2AEa 2AEa2a 
Q D r  1 
nnx 
n n J  a 






where An & Bn a r e  def ined  i n  Eqs. (2.33 & 2.34). 
P i n  Eq. (2.8) due t o  t h e  long i tud ina l  v i b r a t i o n  may now be expressed a s  
The normal f o r c e  




The shea r  term V is  e l imina ted  between Eqs. (2.5 & 2.6) r e s u l t i n g  
i n  t h e  equat ion of motion f o r  beam v i b r a t i o n  
(2.37) 
where P i s  def ined i n  Eq. 2.36. 
This  i s  an  opportune po in t  t o  s i m p l i f y  and dimensional ize  ou r  
de r ived  equat ions.  
t h a t  a was p rev ious ly  de f ined  a s  
We now make the  fol lowing s u b s t i t u t i o n  r e c a l l i n g  
a2 = 
AE 
L e t  








f r e e  beam. 
i s  t h e  fundamental frequency o f  l o n g i t u d i n a l  v i b r a t i o n  of a f r e e -  L 
n 
Q = -  
L 
- 
w ( 2 ‘1 42) 
(2.43) 
1 2  
I d  
4 
n n E1 
A4 = w 2  ma 
n = -  
1 w 
Eqs .  ( 2 . 3 3 ,  2 . 3 4 ,  2 .36  & 2 . 3 7 )  may be r e w r i t t e n  as 
L e t  
"L wL W L  
1 w1 
C cos ( n  -7 - ~ h )  = A cos n T T  + Bn s i n  n -'I n 1 n W 
( 2 . 4 4 )  
( 2 . 4 6 1  
( 2 . 4 . ;  1 
( 2 . 4 8 )  
( 2 . 4 9 )  
( 2 . 5 0 )  
( 2 . 5 1 )  
( 2 . 5 2 )  
( 2 . 5 3 :  
13 





The dimensionalized thrust vector To f T1 cos ET applied at 5 = 1 
has a normal component (To -t T1 cos CT) sin 8 acting on the beam 
at 6 = 1. See the figure below 
To -t Tl cos SIT 
Fig. 2.2 
For small gimbal angles sin 8 = 8 and the normal side load p acting 
at 6 may be written as 
14 
( 2 - 5 4 )  
but  f o r  small  r o t a t i o n s ,  and consider ing - au <<1 
ax 
a s  shown p rev ious ly  i n  Eq. 
Theref o r e  
2.2. 
S u b s t i t u t i o n  of Eq. (2.48 & 2.51) into Eq. (2.521, making use of 
t h e  r e l a t i o n s h i p  of Eq. (2.49),  then s impl i fy ing  y i e l d s  
We no te  from phys ica l  cons ide ra t ions  t h a t  t h e  fol lowing boundary 




Notice t h a t  no r e s t r i c t i o n  has  been placed on t h e  t r a n s l a t i o n  term 
Y ( [ , T ) .  Therefore a r b i t r a r i l y  l a rge  va lues  of y(E,T) a r e  permit ted.  
Eq. (2.56) i s  t h e  governing l i n e a r  p a r t i a l  d i f f e r e n t i a l  equat ion 
r e p r e s e n t i n g  l a t e r a l  v i b r a t o r y  motion of a beam sub jec t ed  t o  cond i t ions  
def ined i n  t h i s  study. We now proceed t o  a method of s o l u t i o n .  
2.2 Reduction of Equation (2.56) t o  a System of Ordinary D i f f e r e n t i a l  
Equations by G a l e r k i n l s  Method 
A d e s c r i p t i o n  of t h e  Galerkin Method i n d i c a t e s  t h a t  t h e  s o l u t i o n  
of Eq. (2.56) can be adequa te ly  approximated by expressing t h e  d e f l e c t i o n  
W 
a s  a sum of some t r a n s l a t i o n  term qA(T), r o t a t i o n  term q ( T ) ,  and a 
func t ion  $ , ( E )  a s  t h e  nth v i b r a t i o n  mode shape of a f r e e - f r e e  beam 
t h a t  s a t i s f i e s  t h e  boundary cond i t ions  of Eqs. (2.57 6r 2.58). 
i s  t h e  gene ra l i zed  coord ina te  a s soc ia t ed  with $,(C) of t h e  form 
B 
qn!T) 
P r o p e r t i e s  of t h i s  func t ion  on(S) a re  s e t  f o r t h  i n  s e v e r a l  t e x t s  
b u t  f o r  our  purposes Ref. [g] i s  q u i t e  adequate.  We observe t h a t  On(F) 
s a t i s f i e s  t h e  d i f f e r e n t i a l  equat ion 
(2.60) 
16 
4 4 2 ma. 
n n E1 where X = w was p rev ious ly  defined on page 1 3 .  A l s o  $ , ( E )  is 
seen t o  s a t i s f y  t h e  fol lowing boundary c o n d i t i o n s  a t  
(2.61) 
(2.62) 
a s  do a l l  t h e  func t ions  of  Eq. (2 .59 ) .  
G a l e r k i n l s  method r e q u i r e s  t h a t  t h e  e r r o r  inherent  t o  t h e  approxi-  . 
dYN 
mate s o l u t i a n  E q .  ( 2 . 5 5 )  b e  cz-t”,g:or.al t o  ’;he weighing f u n c t i o n  -. 
aq 
In  equat ion f:?rm 
o r  
5 (YN)4& )dc n = 1 ,2 ,3 , ,  (I . ( 2 . 6 3 ~ )  
where § ( y  i s  t h e  e r r o r  r e s u l t i n g  when E q .  (2.59) i s  s u b s t i t u t e d  
ir,ts E q .  (2.56). 
N 
The t h e o r y  behind t h i s  process  i s  explained i n  
Without going into  d e t a i l  Eqs. (2 .63a,  2.63b, ti 2 . 6 4 ~ )  may be 
integrated t o  obtain 
. 4  . 4  
rl 4 .  A A - 1 -  +11A4O + -  l o e  + - A  q 











c o s  (s w 1 + 9 , )  = 0 
1 
( 2 . 6 4 b )  
lo 
00 w N - - To 1 q, 1 Cs cos (s 4 + s i n  (sn( )dS = 0 ( 2 . 6 4 ~ )  
n=l s=1 1 
k = 1 ,2 ,  ... N 
where JlS is defined i n  Eq. (2 .53) .  
19 
Note t h a t  Eqo (2.56) has  now been reduced t o  a set  of o rd ina ry  
l i n e a r  d i f f e r e n t i a l  equa t ions  as given above. 
can b e  el iminated between Eqs. (2.64a & 2.64b) without  l o s i n g  any 
important modes s i n c e  t r a n s l a t i o n  i s  uncontrol led.  
The coord ina te  q 
A 
The set of Equations (2.64) may be r ep resen ted  i n  m a t r i x  form 
a s  
+ i [.;.I c o s  (i %T + $1 qk = 0 
i=l { I  
where 
(2.65) 
and [Fit] [Gjk] , & a r e  ma t r i ces  of o r d e r  N + 1. The 
elements of t h e s e  matrices are defined a s  fol lows.  
j = 1,2, .  . . N 
k = 1 , 2 , .  . . N (2.66) 
6 = 1  j = k  




j = 1929. N 




j = l p 2 , .  . . N 
k = 1,2$.  ., N 
" 
j = 1,2, .  . . N 
(2.71) 
(2.72) 
j = 1,2, .  . N+1 (2.74) 
k = 1,2,. . . N+1 
i = 1 9 2 , .  . 
21 
I 1  
T 
4, Oj s i n  (inC)dE j = 1 , 2 , .  . . N 
k = 1 , 2 , .  . . N 
i 
- i = 1 , 2 , .  . . 
I 
6 ,  s i n  (inE)dE j = 1 , 2 , .  . . N 
i = 1 , 2 , .  . . 
j ,N+1 - -  - I: E i  
(2 .75 )  
( 2 . 7 6 )  
(2 .77 )  
k = 192,. . e N 
i = 1 , 2 , .  . . 
E q .  ( 2 .65 )  represents a system of  ordinary l inear  d i f f e r e n t i a l  
equations o f  the  damped Mathieu type whose so lu t ions  are  required. 
22 
I ' .  
3.0 METHOD OF SOLUTION 
3.1 Form of Equation 
The system of equat ions (2.65) can not be c l a s s i f i e d  as Mathieurs 
o r  H i l l ' s  equat ion p r e c i s e l y  bu t  t h e i r  method of s o l u t i o n  may be 
employed. For r e fe rence  we r e w r i t e  Eq. (2.56). 
It becomes convenient t o  remove t h e  phase a n g l e  $, i n  t h e  l a s t  
term of t h e  preceding expression.  
ci cos  ( n  w T + J I . )  = A .  cos n W 
The damping term rl can b e s t  be handled by t h e  change of v a r i a b l e  
This i s  done by r e c a l l i n g  t h a t  
t B .  cos  n uLT 
- - 
L 1 1 L 1 
as  suggested i n  Ref. b2] . Proceeding w e  now w r i t e  
23 
3.2 Method of S o l u t i o n  
In  accordance wi th  c53 w e  may t ake  a s o l u t i o n  of t h e  form 
where 
wi th  a period of 2 
Eq. (3.3) becomes 
We have introduced a new cons tan t  a which may be r e a l ,  imaginary 
o r  complex, i t s  type  determining t h e  s t a b i l i t y  of t h e  system, See 
S e c t i o n  3.3 .  
Let u s  now express  t h e  f o r c i n g  frequency and t h e  l o n g i t u d i n a l  
n a t u r a l  frequency a s  a r a t i o  
wL 
(3 .6)  
where p & q a r e  i n t e g e r s  bu t  r e s t r i c t e d  t o  non- in te rger  va lues  of  
p l q .  
- 
Therefore  UL & 5 may b e  w r i t t e n  a s  
- 
Q = pw 
.-. 
0 = q w  L 
where w i s  t h e  b e a t  frequency. 
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S u b s t i t u t i o n  of Eqs. (3.5 & 3.6) i n t o  Eqs .  (3.21 y i e l d s  
m 
(m) , i ( u  + m  - s q ) m  = 0 
s=- 1 m=- 
(3 .7)  
Equatio? ( 3 . 7 )  i s  s a t i s f i e d  f o r  a l l  T i f  c o l l e c t e d  c o e f f i c i e n t s  of  





-tL 1 [ H ; k ]  (As - i B  S 
w 2  s=l 
m = .  -3 ,  -2 ,  -1, 0, 1, 2,  3 .  . . 
j = 1,2,3,. . . N+1 
k = 1 ,2 ,39 .  . e N+1 
The system of equat ions represented by Eq. (3 .81  can be expanded 
i n t o  a s i n g l e  ma t r ix  equat ion as shown on t h e  fol lowing page. To 
ensu re  t h a t  t h e  determinant of t h e  ma t r ix  of c o e f f i c i e n t s  i s  a b s o l u t e l y  
convergent Eq. (3 .8 )  i s  f i r s t  divided by t h e  f a c t o r  
2 2 1 n - (Fkk - ) - ( a  + m )  . 2 w 
The importance of a b s o l u t e  convergence becomes ev iden t  as  t h e  develop- 
ment of t h e  method of s o l u t i o n  proceeds. 
Eq .  ( 3 . 9 )  below is t h e  ma t r ix  equivalent  of t h e  system of 
equa t ions  given by Eq. ( 3 . 8 ) .  As shown t h e  index m ranges from - 1  
26 
through +1. There is no upper l i m i t  except computer c a p a c i t y  b u t  
w e  can choose a f i n i t e  va lue  of m ,  s a y  M which w i l l  g i v e  adequate 
convergence. 
0 . .  
. . .  
. . .  
. . . 
-1,-1 D 
1 - D  2 0,-1 
W 
1 - D  2 1,-1 w 
. 
0 . 
. . . 




1 - D  2 l , o  
w 
. . . 
1 0 . .  - D  
2 -1,l w 
k = 1,2,3, .  
0 . .  
. . .  
. . N+1 
= 0 (3.9)  
We h e r e  d e f i n e  A(a) as t h e  determinant of t h e  m a t r i x  of c o e f f i c i e n t s  
j ,k and D 
a r e  de f ined  by t h e  fol lowing equation. 



























F2 1 F2 ,N+1 
F22-(u+ m) 2 
- ... 
. . . . . . 
FN+l ,  1 







2 Fll-(a+ m >  
G22(Y / 2 )  G2 ,N+1 (Y/2) 
2 - F22-(a+ m >  2 - F22-(a+ m) 
D m,mtp  = 
Dm,m+sq = 
. . . 
H 1 , N + l  (A s + iBs> 
Fll-(a+ m )  2 
- ... 
... 
2 - Fll-(a+ m >  




F22-(a+ m >  
- 
. 




(A + iBs) 
9 
"+1,1 s - 
(A + iBs) ... S "+L,2 s 
2 - F33-(a+ m >  F33-(a+ m)' 





j corresponding t o  t h e  row w i t h i n  each a r r a y .  
The system o f  equat ions represented by t h e  m a t r i x  E q .  (3.9) 
can have a non t r i v i a l  s o l u t i o n  only I f  t h e  determinar?t nf tk: m - 7 ~ 4 -  
of c o e f f i c i e n t s  equals zero, that is 
where on ly  t h e  v a l u e s  of a which s a t i s f y  E q .  (3.12) a r e  permit ted.  
Our problem then i s  t o  so lve  Eq. (3.12) f o r  a. 
To ensure t h e  v a l i d i t y  of o u r  s o l u t i o n  t h e  i n f i n i t e  determinant  
r ep resen ted  by A(a) must converge abso lu te ly .  
Ref. [ 2 ]  t h a t  an i n f i n i t e  determinant converges i f  t h e  product of 
t h e  d i agona l  elements and t h e  sum of t h e  non-diagonal elements a r e  
I t  has  been proven i n  
a b s o l u t e l y  convergent.  
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The product of t h e  diagonal  elements i s  i d e n t i c a l l y  equal  t o  1 
a s  seen from Eq. (3.10) s i n c e  a l l  elements a long t h e  diagonal  a r e  equal 
t o  1. This c o n d i t i o n  was d e l i b e r a t e l y  obtained by d i v i d i n g  Eq. (3.8) 
by t h e  a p p r o p r i a t e  f a c t o r .  
The sum of t h e  non-diagonal elements of A(a> i s  
(3.12) 
N+1 y / 2  G . + HS .(As - iBs) 
2 - F - ( a + m >  +'? c w j=1 m=-ap 
jj 
which i s  convergent by comparison with t h e  s e r i e s  O0 1 7- 1 We 
may t h e r e f o r e  conclude tha tAa  i s  convergent f o r  a l l  a except where 
t h e  f a c t o r  F 
n=-w n 
- ( a+  n l 2  i s  equal  t o  zero.  
jj 
3.2.1 Determination of t h e  C h a r a c t e r i s t i c  Values 
We have p rev ious ly  def ined the c h a r a c t e r i s t i c  determinant A ( a >  i n  
Each a r r a y  i s  de f ined  i n  terms of i t s  carresponding 
j &' terms of a r r a y s  D 
elements i n  Eq. (3.10). Referr ing now t o  t h e  elements of  Eq. (3.10) 
and keeping i n  mind t h e i r  p o s i t i o n  a s  elements i n  A(a) we may deduce 




3 .  
2 Writing - a f o r  a and - m f o r m  does n o t  a l t e r  ( a + m )  . 
Transpos i t i on  of t h e  elements c o n t a i n i n g  + m  and - m leaves 
A(a) una l t e red  s i n c e  m assumes a l l  i n t e g r a l  v a l u e s  from -OD t o  -. 
Therefore A(a) = A (-a> so t h a t  A(a) is an even f u n c t i o n  of a.  
Fa+ 1) + nf =[a + (m + 1j2, t h e r e f o r e  r e p l a c i n g  m -I- 1 by 
S i n g u l a r i t i e s  e x i s t  on ly  when a s a t i s f f e s  (a+ m I 2  - F 
That i s  when a = 5 (Fjj) 
t h a t  (F 
= 0. 
jj 
- f  - m. We exclude t h e  p o s s i b i l i t y  
)' = m t h e r e f o r e  t h e r e  i s  no s i n g u l a r i t y  a t  a= 0. 
jj 
1 t h a t  has  - %  
jj 
We now d e f i n e  a f u n c t i o n  p (a )  = 
t h e  s i n g u l a r i t i e s  and period of A(a). 
cos2an -  COS^ F 1 
From 3 i t  fol lows t h a t  
w i l l  have no S i n g U h r i t i e S  i f  t h e  cons t an t s  K a re  s u i t a b l y  chosen. 
We may now employ L i o u v i l l e ' s  theorem t o  conclude t h a t  H(a) must be a 
cons t an t .  By l e t t i n g  a+i-, H(a) may be eva lua ted  as 
j 
s i n c e  a l l  t h e  elements o f f  t h e  diagonal of A(a) tend t o  zero a s  a 
approaches i-. 
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The c o n s t a n t s  K1, K2’ K3, ... Kn+l a r e  evaluated by al lowing 
- 
1% r e s p e c t i v e l y .  L e t t i n g  h (Fn+l, N + l  a t o  approach (F l l )  , (?22)h9 . . . 
(3.13) 
To e v a l u a t e  Eq.(3.13) it becomes necessary t o  d e f i n e  a new determinant 
(3  14)  
This new determinant does not  have a . s i n g u l a r i t y  a t a =  (F f 11 
S u b s t i t u t i o n  of Eq. (3.14) i n t o  Eq. (3.13) and t ak ing  t h e  l i m i t  y i e l d s  
where 
We may now write t h e  c h a r a c t e r i s t i c  equat ion a s  




(3  17a)  
(3 17b) 
3.3 S t a b i l i t y  of S o l u t i o n  
The c h a r a c t e r i s t i c  va lues  a of t h e  s o l u t i o n s  
i a w T  k = 1 , 2 , . . @  N S 1  = e  k 'k 
a r e  evaluated from Eq. (3.17b) as  
(3.18) 
S o l u t i o n s  t o  our  o r i g i n a l  d i f f e r e n t i a l  equat ion may now b e  obtained 
from t h e  r e l a t i o n s h i p  
of Eq. (3.1). 
v a l u e s  of uk. 
qk may now be w r i t t e n  i n  terms of t h e  c h a r a c t e r i s t i c  
{qk} = e-'" e iawT {Yk} (3.19a 
We now e s t a b l i s h  t h e  s t a b i l i t y  c r i t e r i a  governing t h e  s e t  o f  
s o l u t i o n s  of Eq. (3.19b) 
1. A s o l u t i o n  i s  def ined a s  uns t ab le  i f  qk t ends  t o  - f, a s  T 
approaches + m e  
2 .  A s o l u t i o n  i s  de f ined  t o  be s t a b l e  i f  qk t e n d s  t o  z e r r ,  OK 
remains bounded as T approaches -k =J. 
33 
3. A s o l u t i o n  wi th  per iod  2 1  i s  n e u t r a l  b u t  qk may b e  regarded 
a s  a s p e c i a l  ca se  of a s t a b l e  so lu t ion .  
2n The elements i n  t h e  column mat r ix  Yk have a per iod  w which 
o r  more T(iaw - %rl)  i s  n e u t r a l ,  t h e r e f o r e  s t a b i l i t y  depends upon e 
s p e c i f i c a l l y  upon t h e  r e l a t i v e  va lues  of rl & a .  
may i n  gene ra l  have any rea l ,  imaginary o r  complex va lue  depending 
upon a & n o  
The term (iaw = h) 
a i s  determined a s  a func t ion  of t h e  computed z va lue  from 
Eq. (3.18). 
i s  w r i t t e n  as 
z may be  r e a l  o r  complex so fox convenience Eq. (3.18) 
a = - - i I n  ( R e  i B  
2n (3.18a) 
where R i s  t h e  modulus of  z 2 z2 - 1 and B t h e  argument. Then ll 
From t h e  c r i t e r i a  e s t ab l i shed  a s t a b l e  s o l u t i o n  
r l , t ~ n ~  
o r  f o r  zero  damping t h a t  
w - 1 n R  2 0  2rr 
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e (3  19c) 
r e q u i r e s  t h a t  
(3  I 20) 
(3.21) 
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PART I1 
RESPONSE OF A CIRCULAR CYLINDRICAL 
S H E L L  SUBJECTED TO A GIMBALED PERIODICALLY 
VARYING END THRUST 
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LIST OF SYMBOLS 
w 
5 = x/L 
T = u t  
n t  1 = -  
1 2  
xo = X/L 
Y = Y/L 
Q = h/L 
= L/r 
0 
- Half length of cylindrical shell 
- Radius of cylindrical shell 
- Thickness of cylindrical shell 
- Mass per unit volume of shell material 
- Young's modulus of shell materlal 
- Poisson's ratio of shell material 
- Acceleration of gravity 
- Total mass of the shell 
- Mass moment of inertia of shell about'a line 
through the center of mass perpendicular to 
elements of the cylinder 
- Any convenient reference frequency 
- Axial shell coordinate 
- Tangential shell coordinate 
- Time 
- Coordinates of the center of mass 
- Rotation of a line element through the center 
of moss 
- Dimensionless axial shell coordinate 
- Dlmensionless time 
- Dimensionless time 
- Dimensionless coordinate of center of mas8 
- Dimensionless coordinate of center of mass 
- Dimensionless thickness parameter 
- Dimensionless radius parameter 
ii 




- Magnitude of steady rtate thrust per unit 
of length applied around the bottom of shell 
- Ratio of the magnitude of the sinusoidal time 
varying thrust per unit length to To 
- Circular frequency of the sinusoidal component 
of the applied thrust 
K 
a = 8rrrLToK/IS? 
- Directional control factor determining the 
dfrtction of the thrust 
- Dimensionless parameter of the Mathiru equation 
that governs a(t) 
q = Y 4 2  - Dimensionless parameter of the Mathieu equation 
that governs a(t) 
B - Stability parameter of the solution for a ( t )  
- Stress resultants in shell Nx’ Nxe’ Nex 
- Moment resultants in shell Mx’ Me’ Mxe’ Me x 
- Shear resultants in shell Qx, Qe 
Px’ Po, Pz - Axigl, circumferential and normal components 
of surface force applied to shell 
- Axial, circumferential and normal components ax, ae’  a z of acceleration of shell element 
- Axial, circumferential and normal components 
of shell relative to moving reference frame 
- 
u = u/L, v = v/L - Dimensionless components of displacement of 
shell element w = w/L 
U (T), Vmn(~), Wmn(r) - Generalized coordlnates o f  c ,  v, 6 mn 
U mn’ Vmn9 “mn - Initial values of Umn(T)r Vmn(?), and Wmn(T) 
- Initial value of a(t) 
OO 
i ii 
- Kronecker d e l t a  
jk 
6 
.. CI 1 ( ' 1  - Dif ferent ia t ion  with respect to  t ,  f or f 
- Laplacian i n  the shell coordinates v2 = - + -  a' 1 - aL 
ax2  r2 a e 2  
2 2 
02 =a + A2 -$ - Laplacian i n  dimensionless s h e l l  coordinates 
a t 2  ae 
iv 
T rn INTRODUCTION 
The dynamic response of a large r o c k e t  b o o s t e r  du r ing  i t s  powered 
f l i g h t  i s  i n v e s t i g a t e d  by s tudying a s i m p l i f i e d  model of t h e  boos te r .  
I n  t h i s  a n a l y s i s ,  a c i r c u l a r  c y l i n d r i c a l  s h e l l  sub jec t ed  t o  a gimbaled 
t ime-varying end t h r u s t  is accepted a s  a model of t h e  boos te r  i n  f l i g h t .  
The d i r e c t i o n  of t h e  gimbaled end t h r u s t  is c o n t r o l l e d  by a simple 
p ropor t iona l  feedback system a s  ind ica t ed  i n  Figure 1. 
v a r i a t i o n  of t h e  end t h r u s t  i s  a s s m e d  t o  be s i n u s o i d a l  about some 
average t h r u s t .  This model w i l l  demonstrate,  a t  l e a s t  q u a l i t a t i v e l y ,  
t h e  s t r u c t u r a l  performance o f  a large boos te r .  
The t i m e  
The formulat ion contained i n  t h i s  t e c h n i c a l  memo was mainly t h e  
e f f o r t  of D r .  James H i l l  w i th  o t h e r  team members p a r t i c i p a t i n g  i n  
t h e  work from t i m e  t o  t i m e .  
d a t e  o f  t h i s  p o r t i o n  of t h e  c o n t r a c t  work. The formulat ion enclosed i o  
p r e s e n t l y  being programmed f o r  t h e  IBM 7094 computer. 
of programming and checkout a f u l l  parameter s tudy  w i l l  be  i n i t i a t e d .  
This  r epor t  r e p r e s e n t s  t h e  progress  t o  
Upon completion 
1 
11. EQUATIONS OF MOTION 
The motion o f  the s h e l l  w i l l  be  described i n  a moving coordinate 
system a s  indicated i n  Figure 1.  The coordinate system i s  free t o  move 





Neglect ing t h e  r o t a r y  i n e r t i a  of the s h e l l ,  t h e  equa t ions  of motion of 
t h e  s h e l l  element a r e  (1)* 
+ Px = Phax 1 aNex 
a N  - x + - -  
ax r ae 
aMxe 1 aMe 
a x  - - - - + % = O  r ae 
( a  1 
where P i s  t h e  mass d e n s i t y ,  h t h e  thickness  of t h e  s h e l l ,  ax,  a e ,  aZ 
a r e  t h e  components of t h e  a c c e l e r a t i o n  of t h e  element i n  t h e  a x i a l ,  
c i r c u m f e r e n t i a l  and r a d i a l  d i r e c t i o n s ,  r e s p e c t i v e l y .  
z is  p o s i t i v e  inward. 
s t anda rd  s t r e s s  r e s u l t a n t s .  
The r a d i a l  coord ina te  
N x y  N e ,  Nxe,  N e x ,  Q,, Q,, M x y  M e ,  Mxe, and M a r e  t h e  e x  
Pe and P a r e  t h e  components of t h e  
pX * E 
* Numbers i n  parentheses  except where accompanied by t h e  a b b r e v i a t i o n  
eq. r e f e r  t o  r e f e r e n c e s  i n  t h e  Bibliography. 
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d i s t r i b u t e d  s u r f a c e  f o r c e  i n  t h e  a x i a l ,  c i r c u m f e r e n t i a l  and r a d i a l  
d i r e c t i o n s ,  r e s p e c t i v e l y .  
Since t h e  moving coord ina te  system i s  loca ted  a t  t h e  c e n t e r  of 
mass of t h e  s h e l l  w e  can determine X ,  Y, and a by IVewtonrs Laws of 
plane motion 
M i  = 2 r r  T ( t )  cos(K + l )a !  - Mg ( a  1 
Assuming t h a t  t h e  deformation does no t  change t h e  h a l f  length nor  
t h e  mass moment of i n e r t i a .  
Now w e  need expressions f o r  (ax, a e ,  a z >  i n  terms o f ( u ,  v ,  w) t h e  
s h e l l  displacements and (X, Y,  a )  coord ina te s  of t h e  r e f e r e n c e  frame. 
Kinematics of a p o i n t  i n  a moving r e fe rence  frame y i e l d s  
.. 
au .. a = -  a + ( r  c o s e i 2  - X: - P cosa + x s i n a l  s i n e  - 2a at s i n e  
( 3 )  2 e a t  
( a  l 
(b) 
4 
The underlined terms are  C o r i o l i s  terms and w i l l  be neglected i n  
the  subsequent a n a l y s i s .  
Equations ( 2 )  can be solved for X,  Y, and a. These are  subst i tuted 
in to  eqs. ( 3 )  t o  determine expressions f o r  ax9 % 8  and az on the  r ight  
s i d e  of eqs.  ( 1 ) .  
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111. EQUATIONS OF MOTION IN TERMS OF %ELL DISPLACEMENT 
1 
I n  eq. ( l b )  t h e  term ; Qe w i l l  be  neglected.  It i s  a l s o  assumed 
El iminat ing Qx and Qe from bu t  not t h a t  Mex vanishes.  Nx e t h a t  Nex = 
eq. ( I C )  by eqs.  ( I d )  and ( l e )  we a r r i v e  a t  
where 
.. .. 
f 2 ( x , e , t )  = ph (X s i n a  - Y cosa 0 2  + r cosea - x i )  s ine  ( 5 )  (b) 
.. .. 
f 3 ( x , 0 , t )  = ph (X s i n a  - Y cosa + r coseA2 - Xb;) cos0 ( C )  
The following approximate r e l a t i o n s  between t h e  stress r e s u l t a n t s  
and t h e  displacements w i l l  be used t o  wr i te  eqs. ( 4 )  i n  terms of t h e  
displacements  u, v ,  w. The approximations e n t a i l e d  i n  t h e s e  expressions 
a r e  t o  n e g l e c t  h ighe r  o r d e r  terms i n  I1hI1 and terms con ta in ing  
6 
c I 
S u b s t i t u t i o n  of eqs. (6 )  i n t o  eqs (4) y i e l d s  
2 a + - -  1 a 2  
where v is Poi s son l s  r a t i o ,  V = -  2 # and ax2 r2 ae 
7 
. 
E q s .  ( 7 )  are rendered dfnensionless by the transformations 
5 = x/L, T U t ,  A = L/r, 
u = u/L, v = v/L, .; = w / L ,  
3 ’  G = LF 1’ 2 2’  3 G = LF G = LF 1 
2 2  
p L= p- 
E o  
L w  
(J = h/L, 
E q s .  ( 7 )  became 
where 
Rcfcre proceeding w i t h  the treatment of  eqs.  (10, 11, 12) we will 
determine a(t> from eq. (2c) then eqs. (2a, 2b,  5 ,  and 8 )  w i l l  y i e l d  
the  non homogeneous terms G G2, and G3- 
3 
I V .  SOLUTION OF EQUATION (2c) TO DETERMINE a ( t )  
Knowing a ( t ) ,  which i s  t h e  s o l u t i o n  of equa t ion  ( 2 c ) ,  equa t ions  (2a )  
and (2b)  r ende r  2 and y. 
r equ i r ed  t o  s p e c i f y  f l ,  f 2 ,  and f g  by eqs. (5). 
have 
These func t ions  of t i m e  a r e  a l l  t h a t  a r e  
Rewriting eq. ( 2 c )  w e  
2 2.rrrLTo 
( 1  - y c o s n t )  s f n  ~a = o - I d a +  
d t 2  
we w i l l  r e s t r i c t  a such t h a t  s i n  Ka 2: Ka t hus  
2 2s rLTo  
- d : + K(l - y c o s n t ) a  = 0 
dt '  
I 
changing t o  a dimensionless t i m e  such t h a t  T1 = - 5 2 t  2 
and in t roduc ing  t h e  parameters 
8nrLToK 
a =  
I n 2  
¶ 
t h e  equat ion becomes 
2 a 
dT 1 
+ ( a  - 2q co 2 25,) 
Ya 4 = 2 9  
(14) 
(15)  
= o  (16)  
Eq. (16)  i s  a Mathieu equat ion and t h e  theo ry  f o r  i t s  s o l u t i o n  
can be found i.n s e v e r a l  s tandard r e fe rences  (21, ( 3 ) .  For c y l i n d r i c a l  
s h e l l s  t h a t  r e p r e s e n t  l a r g e  b o o s t e r s  and t h e  magnitude of t h e  t h r u s t  
t h e y  encounter we can r e s t r i c t  t h e  range of a and q t o  
O<a< 1 O<q<O. 05 (17) 
The n a t u r e  of t h e  s o l u t i o n  of equat ion (16 )  g r e a t l y  depends upon 
t h e  parameters a and q. 
p e r i o d i c  with per iod 27,  f o r  o t h e r s  it is p e r i o d i c  with per iod n and 
f o r  o t h e r  parameters t h e  s o l u t i o n  becomes unbounded for l a r g e  va lues  
of T~ ( u n s t a b l e )  wh i l e  f o r  even o the r  va lues  t h e  s o l u t i o n  remains 
bounded ( s t a b l e ) .  
plane is given i n  McLachlanfs, Theory and Applicat ion of Mathieu Funct ions 
on page 40. For t h e  range of a and q given by equat ion (17 )  t h e  s o l u t i o n  
is s t a b l e  and may be taken as 
For c e r t a i n  v a l u e s  of a and q t h e  s o l u t i o n  is  
A c h a r t  of t h e  r eg ions  of s t a b i l i t y  i n  t h e  ( a , q )  
The two independent s o l u t i o n s  o f  eq. (16)  a r e  t h e  r e a l  and imaginary 
p a r t s  of t h e  s o l u t i o n  of eq. (18).  S u b s t i t u t i o n  of eq. (18) i n t o  
eq. (16 )  y i e l d s  
Thus 
-=, . . . r . .  . w 
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It can be shown ( 5 4 . 7 7  McLachlan) t h a t  
- C2r+2 f: q /4 ( r+1)2  
2r 
for r large - 0 as r + -  
t h u s  t h e  convergence of t h e  s e r i e s  in eq. (18) is assu red .  
Equation (19) r e p r e s e n t s  a doubly i n f i n i t e  s e t  of hamogeneous l i n e a r  
equat ions.  
vanish.  
Consistency r e q u i r e s  t h a t  t h e  determinant  of t h e s e  e q u a t i a n s  
This requirement determines t h e  v a l u e  of B t h u s  0 is such t h a t  
. . . E  1 E 0 . -  -2  - 2  
e . .  
5-1 E _ 1  1 
E e . .  
0 
1 0 . .  E 
0 
*"5 ,  1 y. * * 
* * *  e2 1 E , '  
= o  
(20) 
where 
The theo ry  o f  t h e  i n f i n i t e  determinant i n  eq. (20) gppears i n  t h e  
same r e f e r e n c e s  a l r e a d y  mentioned. It w i l l  s u f f i c e  h e r e  t o  l i s t  some of 
i t s  p r o p e r t i e s .  The f u n c t i o n  A ( 0 )  has t h e  fol lowing p r o p e r t i e s :  
1. 
2. 
A ( - B )  = A ( B ) ,  it is an even f u n c t i o n  of 
A(&t2) = A ( B ) ,  it i s  per iod ic  with pe r iod  2. 
12  
3 .  
4. Since t h e  f u n c t i o n  
A ( 8 )  has  simple p o l e s  a t  B = a’ - 2 r  and 8 = - ( a  % + 2 r ) .  
h a s  simple p o l e s  a t  t h e  same p o i n t s  as A ( $ )  and h a s  t h e  same 
p e r i o d i c i t y  it fo l lows  t h a t  t h e  f u n c t i o n  
w i l l  have no s i n g u l a r i t i e s  if C is s u i t a b l e  chosen. Observe 
t h a t  t h e  above is an  e n t i r e  f u n c t i o n  and bounded a t  i n f i n i t y ,  
t h u s  by L i o u v i l l e ’ s  Theorem it is a constant .  
The va lue  of $(O) = 1 and C = [ A ( O ) - l  ] [l - cosna’]. 
The equa t ion  con ta in ing  x(8)  now r e s u l t s  i n  
2 2 %  s i n  %$a = A ( O )  s i n  hna 
For small q, such t h a t  q 2 <<1 by Tisserand, F. [SI, w e  have 
Various numerical examples have i n d i c a t e d  t h a t  t h r e e  terms of t h e  
series i n  eq. (18) provide an adequate s o l u t i o n  f o r  t h e  range of a and 
q g iven  i n  eq. (17) .  
C,4 and a l l  lower o r d e r  c o e f f i c i e n t s  a r e  t aken  t o  be zero. 
y i e l d s  f o r  r=l 






and f o r  r = -1 
For r = 0, eq. (19)  provides  a check, ws should have 
2 2 1 
(a-8 = {L-(2+B)7 + [a] 
how w e l l  eq. ( 2 5 )  is  s a t i s f i e d  is a measure of t he  rdequacy of 
t h e  s o l u t i o n .  
Since t h e  s o l u t i o n s  of  eq. (16) a r e  a r b i t r a r y  t o  a cons tan t  
m u l t i p l i e r  w e  can s e t  Co = 1, thus  
The g e n e r a l  s o l u t i o n  of eq. (16) i s  
L 1 
I f  t h e  i n i t i a l  cond i t ions  a re  
we have 
a 0 = a l  ( ~ + C ~ + C _ ~ )  
d.1 - 
d t  t=o - wo 
w - -  ’ + (2+8) C 2  - (2 -8)  C-4 o - 2 a 2  
14 
(25 )  
(27)  
E q .  ( 2 7 )  i s  the general solution, a1 and a2 are determined by  eq. (281, 
and C 2  and C _ 2  are  given by eq. (26) and B i r  found frm cqra (21)rnd (22) .  
15 
v. EXPRESSIONS FOR THE FUNCTIONS G l ( { , e , t ) ,  G , ( ~ , e , r )  and G3({ ,B,T)  
2 ( 1 - v  )L ( f  -P ) 2 8  
G2(x,B,t)  = Eh 
Eh G ( x , e , t >  = 3 
( 2 9 )  
Using t h e  dimensionless  coord ina tes  o f  eq. ( 9 )  and d e f i n i n g  
xo = X/L, Y = Y/L 
0 
t h e  i n e r t i a l  f o r c e s  f l ,  f 2  and f a r e  3 
(30)  
.. 
( a  1 a * 2  
.. 
case - a 6 )  f,(E,e,T) = phLw (Xocosa + Y 0 s i n a  - - x 2 '. 
' 2  a .. 2 ** 
f , ( E , e , T )  = phLw (X 0 s i n a  - Yocosa + cos0 - &E)sine (b) (31)  
The Px,  P e ,  and P a r e  components of  t h e  f o r c e  d i s t r i b u t e d  over  z 
t h e  s u r f a c e  o f  t h e  s h e l l .  I n  t h i s  problem, we w i l l  cons ide r  t h e  
gimbaled t h r u s t  t h e  o n l y  d i s t r i b u t e d  f o r c e .  Thus 
16 
P x ( x , 9 , t )  = To (l-YcosQt)G(x f L) c o e b  - pehcoaa ( a )  
Pe(x ,O , t )  =-To ( l - ~ c o s Q t ) G ( x  4- L) s i n W  s i n e  - pehsina e lne  (b) (32) 
P ( x , 0 , t >  =-To (l-Ycosnt)d(x + L) s i n k  cos0 - pghsina cos6 (c )  z 
where d(x + L) i s  t h e  Dirac d e l t a  func t ion .  I n  terms of dimensionless  
coord ina te s  
where 
- 
a =  a / w  
.. r 
. 2  .. a .. G 2 ( S j 0 , T )  = (1-v  s i n a  - Yo cosa -f- cos - aC 
17 
aL .. 
G3(F;,B,T) = (1-v s i n a  - yo coda +r case - GF 
L 
From eqs. (2a,b) 
TO (l-ycos'ii'c) cos  (K+1 ) a  - 5 .. - 
LW 2 2  2phL w xo - 
(l-YcoszT) s i n  ( K f l  ) a  .. - TO 
yo - 2 2  2phL w 
S u b s t i t u t i o n  of eqs.  (36)  i n t o  eqs. (35 )  and assuming $ma11 va lues  of 




V I .  GALERKIN'S PROCEDURE FOR THE APPROXTMATE DETERMINATION OF THE 
DISPLACEMENT COMPONENTS : 
I n  t h e  manner of Donnell (41, eqs. (101, (111, and (12 )  can be 
r e w r i t t e n  i n  a more convenient form, t h a t  i s ,  they  can be rearranged 
i n t o  one e igh th -o rde r ,  p a r i a l  d i f f e r e n t i a l  equat ion t h a t  f; m u s t  
s a t i s f y  and two fou r th -o rde r ,  p a r t i a l  d i f f e r e n t i a l  equa t ions  t h a t  
r e l a t e  ; t o  f; and 
f; i t  would e n t e r  i n t o  t h e  determinat ion of and a s  known nonhomo- 
geneous terms. Howeverp t o  so lve  the equat ion f o r  is  a formidable 
t a s k .  This equat ion i s  of e igh th  order  i n  t h e  s p a t i a l  v a r i a b l e s  
and s i x t h  o rde r  i n  time. It con ta ins  r a t h e r  complicated nonhomogeneous 
terms. An accepted method of handling such complicated equat ions i s  
t h e  Galerkin procedure ( 5 ) .  
l i t t l e ,  i f  any, advantage t o  t h e  Donnell s epa ra t ed  scheme. We can 
e q u a l l y  we l l  t r e a t  eqs.  ( l o ) ,  (11)  and (12)  by t h e  Galerkin procedure 
d i r e c t l y .  
t o  f;, r e spec t ive ly .  Then i f  we could determine 
I f  we m u s t  r e s o r t  t o  t h i s  method t h e r e  i s  
This w i l l  b e  t h e  cour se  of  a c t i o n  taken he re .  
For convenience we w i l l  r e w r i t e  eqs.  (101, (11)  and (12)  h e r e  
I n  accordance with t h e  Galerkin procedure w e  chose approximating forms 
f o r  6, G, and w a s  
M N  
M N  
M N  
where t h e  func t ions  f ([,e), gm,(S98) and h mn mn 
I t  is t h e  r o l e  of t h e s e  func t ions  t o  ensure s a t i s f a c t i o n  of t h e  edge 
cond i t ions  a t  6 = +  1. 
(€,e) a r e  known func t ions .  
The Galerkin procedure r e q u i r e s  
-1 0 j = O , l , .  . . M  
k = 0 ,  1 , .  . , N  
20 
- t i 7  -1 0 
f 1 2n 
+{i2 f  -1 [ 
k = 0 ,  1 ,  N 
and 
a f  
m=o n=o 
-1 0 
j = O ,  1 , .  . . M  
k = 0 ,  1 , .  . . N 
2 1  
The sys t em of o r d i n a r y  d i f f e r e n t i a l  equat ions r ep resen ted  by 
eqs.  (44), (451, and (46) govern the time behavior of t h e  gene ra l i zed  
coord ina te s  U V , and Wmn. I n  i t s  most gene ra l  form, t h a t  i s ,  f o r  
a r b i t r a r i l y  s e l e c t e d  coord ina te  func t ions  f 
system has coupl ing i n  both t h e  i n e r t i a  and e l a s t i c  terms. Not on ly  
a r e  t h e  coord ina te s  U coupled with t h e  c o o r d i n a t e s  U b u t  a l s o  
t o  t h e  coord ina te s  V 
some r e s t r i c t i o n s  on t h e  coord ina te  f u n c t i o n s  t h a t  w i l l  s i m p l i f y  t h e  
form of eqs. (441, (451, and (46). 
be or thogonal  over t h e  region of the s h e l l  w i l l  e l i m i n a t e  t h e  i n e r t i a  
coupl ing.  
such as  t o  s i m p l i f y  eqs. (441, (451, and (46) bu t  t hey  must a l s o  a s s u r e  
t h e  s a t i s f a c t i o n  of t h e  edge cond i t ions  a t  5 = ?  1. 
mn’ mn 
and hmn, t h i s  mn’ %my 
mn jk 
and Wmn. It behooves us  a t  t h i s  po in t  t o  p l ace  mn 
Requiring fmn, gmn and hmn t o  
Not on ly  do we want t h e  func t ions  fmny hn, and hmn t o  be 
One i n t e r e s t i n g  s e t  of edge cond i t ions  i s  
This i s  t h e  simply supported edge cond i t ions  with no a x i a l  load on 
t h e  ends of t h e  s h e l l .  
t h a t  a s s u r e s  t h e  s a t i s f a c t i o n  of eqs. (47) i s  
A cho ice  of fmn(S,B), %n(E,8) and hmn(S,B) 
m = 0 ,  1, , . M  
n = 0 ,  1 , .  . . N 
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Using t h e  end cond i t ions  o f  eqs. (47) f o r  t h i s  problem implies 
t h a t  t h e  c e n t e r  of mass always remains a t  t h e  mid p o i n t  of a l i n e  
t h a t  connects  t h e  c e n t e r s  of t h e  end s e c t i o n s  and t h a t  a l i n e  element 
through t h e  c e n t e r  of mass r o t a t e s  as  t h e  l i n e  t h a t  connects  t h e  
c e n t e r s  of t h e  end s e c t i o n s  r o t a t e s .  
S u b s t i t u t i o n  of eqs. (48) i n t o  eqs.  (441,  (45), and (46) y i e l d s  
I 2 a  
- '1k a 
x -- 
j = 1 , 2 ,  . M  
23 
1 2n 
- - 1  0 
V X j l  
n 
2(1-vL>u 
j = l , 2 , .  . . M  
k = l ,  2 9  q N 
j = 1 ,  29 * M  
k = -  1 ,  2 ,  . . N 
The i n i t i a l  cond i t ion  f o r  t h e  s e t s  of d i f f e r e n t i a l  equa t ions  of 
eqs. (49 t h r u  5 5 )  are  given by: 
ma a; M N  
m=o n=o 
G (E,e,o) = C 1 wmn s i n  - ( ~ + 1 )  COS ne ,  K.(r ,e,o) = o 2 
Before i n t e g r a t i n g  eqs. ( 4 9 )  through ( 5 5 )  we need an  expres s ion  f o r  
a ( r ) .  We w i l l  r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  i n i t i a l  c o n d i t i o n s  
25 
then eqs.  (27 )  and (28) y i e l d  
where 
A = A  C 
1 2 -2' 
A = A  C 
3 2 2  
and 
8n Q = -  
2 2w 
n 
2w n1 = (2-8)  - 
n n3 = (24-6) 7& 
Now we can integrate  these  equations. Equation (49) y i e l d s  
UOO(") = uoo z 0 (61 )  
Eq. ( 5 0 )  y i e l d s  
kX w =  
26 
Eqs. (51)  and (52)  a r e  a s e t  of d i f f e r e n t i a l  equat ions t h a t  govern 
U (1) and W (TI. We w i l l  use the Laplace t r ans fo rma t ion  t o  i n t e g r a t e  
t h i s  s e t  of equat ions.  The transform of a f u n c t i o n  w i l l  be  i n d i c a t e d  
by a b a r  over t h e  f u n c t i o n ,  i . e . , c L T f ( T j  = f .  Transforming t h e  
equa t ions  we o b t a i n  
j o  j o  
- 
+ a i 2  ijjo = pj0  + s u j o  
2 (S + a i l )  ij 
2 j 
s + a i 1  a12 
j s2 + a J  a 2 1  22 
r i t -  
where 
2 4114 
j - 192 A 2  + a n I 
I .  
27 
The inverse of  equation (64) is 
j = l , 2 ,  0 M  
i = l , 2  
m = 1 ,  2,  3 
n = 1 ,  2,  3 
28 
The inverse of equation ( 6 5 )  is 
j = l , 2 ,  . M  
i = l , 2  
m = 1 ,  2 ,  3 
n = 1 ,  2 ,  3 
29 
* 
Transforming eqs. (531, (541, and (53) we f i n d  
I where 




j k  j k  





Using Cramerrs r u l e  t o  so lve  eqs.  ( 6 9 )  we g e t  
( 7 1 )  
31 
2 j k  
sujk a 13 s + ai: 
j k  a jk 21 ‘jk -t svjk a 23 
s 2  + jk 
‘jk + swjk a33 
jk 
a3 1 
s2 + jk 
a l l  sujk 
jk  
+ a22 Qjk + svjk 
jk 
a21 
‘jk + swjk 
jk j k  1 a31 a3 2 
32 
Define 
Using s t anda rd  techniques,  t h e  inve r se  t ransform of equat ion (72 )  is 
33 
j = l , 2 , .  . . M  
k = l ,  2 , .  . . N 
i = 1 ,  2 ,  3 
m = 1 ,  2 ,  3 




( 7 7 )  
i,m,n = 1 , 2 , 3  
35 
The i n v e r s e  t ransform of equat ion (74) is 
L 
.--.I 
j , k  = 1 , 2 , .  . . M,N 
i,m,n = 1,2,3 
36 
, 
V I I .  S t a b i l i t y  Considerat ions of t h e  Dynamic S a l u t i o n  -.--- 
I n s p e c t i o n  of t h e  expressions f o r  U (T), V j k  (T) and W (f) 
i n d i c a t e d  t h a t  t h e  s o l u t i o n  becomes unbounded f o r  a l a r g e  number of  
p o s s i b l e  va lues  of t h e  frequency o f  t h e  a p p l i e d  t h r u s t ,  Sb . When Q 
i s  such t h a t  any term i n  t h e  denominator o i  t h e  expres s ions  f o r  U 
( T ) ,  V j k  (T) and W 
t h u s  i s  unstable .  For example, from eq. iu;j W E  see i f  
j k  j k  
j k  
(T) vanishes  t h e  s o l u t l o n  becomes unbounded and 
j k  
o =  w m ok 
t h a t  Uok ( T )  i s  uns t ab le .  We can expres s  9 i n  terms of fi a s  m 
where 
- f f o r m =  1 
Equation (79 )  can now be w r i t t e n  
(79) 
reca l l  t h a t  B i s  a f u n c t i o n  o f  51 a s  shown by eqs.  (15) ,  (21), and (22). 
Eq. (82) i s  a t r anscenden ta l  r e l a t i o n  t h a t  '! must s a t i s f y .  
a r o o t  of  eq. (82)  Uok ( T )  becomes unbounded. 
When $2 i s  
37  
Similarily, eqs. (67), (68), (76), ( 7 7 ) ,  and (78) reveal that 
instabilities exist when R is a root of any of the following 
equations: 
R I - = w  , 
w j o  j = 1 ,  2, ’ * .  M 
i = 1,2 
j = 1 , 2 , . . . M  
i = l , 2  
m = 1, 2, 3 
j = 1, 2,. . , M 
i = 1 , 2  
m = 1, 2, 3 
n = 1, 2, 3 
m . f n  
j = 1 ,  2 ,  M 
k = l ,  2 , .  . . N 
i = 1 ,  2 ,  3 
m = 1 ,  2 ,  3 
j = 1 ,  2 , .  . . M 
k = l , 2 ,  . . .  N 
t 
I 
i = 1 ,  2 ,  3 
m = 1 ,  2 ,  3 
n = 1 ,  2 ,  3 
m r f n  
j = 1 ,  2 , .  . . M 
k = l , 2 , .  . * N  
i = 1, 2 ,  3 
m = 1 ,  2 ,  3 
A l l  o f  the  above equations,  with the exception of eq. ( 8 3 ) ,  contain (3. 
t o  the  transcendental dependence of 8 on fl, the equations that  contain B 
w i l l  have t o  be solved b y  numerical i t e r a t i o n  t o  determine the unstable values  




V I I I .  I N I T I A L  CONDITIONS OF THE DYNAMIC SOLUTION 
The i n i t i a l  cond i t ions  defined by eqs.  (56) a r e  a r b i t r a r y ;  
however, one p a r t i c u l a r  case of i n t e r e s t  might b e  t h e  s ta t ic  d e f l e c t i o n  
of t h e  s h e l l  be fo re  t h e  a p p l i c a t i o n  o r  t h e  a c c e l e r a t i n g  t h r u s t .  
s h e l l  is assumed t o  be i n c l i n e d  t o  t h e  v e r t i c a l  a t  an  ang le  a 
supported by a d i s t r i b u t e d  s u r f a c e  f o r c e  app l i ed  a t  t h e  lower end 





By s t a t i c  equ i l ib r ium we f i n d  So and S1 a s  
So = 2LhPg, S1 = 4Lhpg A s i n  a ( 9 3 )  
0 
The equa t ion  of s t a t i c  equi l ibr ium of a s h e l l  element is o b t a i n e d  
from eqs.  (7) by d i s r ega rd ing  t h e  i n e r t i a l  terms a s  
For  t h i s  problem the  d i s t r i b u t e d  su r face  f o r c e s  a r e  
In t roduc ing  i n t o  eqs. (94) and ( 9 5 )  
i-i = u/L, v = v/L, w = w / L ,  5 = x/L 
0 - s1 S s' = -  




M N  
m=l n=l 
V ((,e> A r 1 v s i n  - ((+I) s i n  no 
. 
and s u b s t i t u t i n g  eqs.  ( 9 5 )  i n t o  ( 9 4 )  and assuming (yo sma l l ,  we o b t a i n  
The edge cond i t ions  of t h e  s t a t i c  d e f l e c t i o n  problem a r e  t h e  same 
a s  g iven  i n  eqs. (47) f o r  t h e  dynamic problem 
To s a t i s f y  t h e s e  edge cond i t ions  we assume 
* 
Substituting the approximations of eqs. (98) into the equilibrium 
eqs. (97) and applying Galerkinfs procedure we obtain 
(0) u = 0 
50 
thus uoo is completely arbitraryo 
k - l ,  2, N 
2 5,4) 
w = O ,  j = 1 9 2 , .  . . M  (192X2 + u 1 
96 vXjn jQ 
u +  
j o  
(99 )  
j = l , 2 , .  a . M  
k = l ,  2, = N  
4 3  
S o l v i n g  eqs. (101) and (102)  for u and w we g e t  
j o  .lo 
j = 1 9 2 ,  . M  
Defining 
2 2  
2 ( l - v > +  4A2kZ 2 -4A k 
2 -4X k 2 jnvA 
j = l , 2 ,  * .  . M  
k = l ,  2 , .  . N (108) 
and us ing  Cramerls r u l e  t o  so lve  eqs. (1031, (104) and (105) we o b t a i n  
44 
j = l , 2 , .  . . M  
k = l , 2 , .  . . N  
T h i s  completes t h e  analysis of t h e  problem. 
45 
J c L1 2 48 + 9- ( j 2 n 2  + 4 k 2 A 2 ) I  - 4 j 2 n 2 V 2 ~ 2  + 8x2k j 2 n 2  + 2k2A2 (1-w 
+ [ j 2 V 2  (1-v)  + 2X 2] [j2n2 + 2X 2 (l-V) k 
I 
IX o CONCLUSIONS 
This  work r e p r e s e n t s  an  i n i t i a l  s t e p  i n  analyzing t h e  dynamic 
s t r u c t u r a l  behavior  of a l a r g e  rocket  boos t e r  during powered f l i g h t .  
As such, t h e  model accepted r e t a i n e d  t h e  f e a t u r e s  t h a t  t h e  t h r u s t  was 
t i m e  va ry ing  and gimbaled f o r  d i r e c t i o n a l  c o n t r o l o  
The use of G a l e r k i n f s  procedure rendered t h e  s h e l l  equat ions 
of motion t r a c t a b l e .  The advantages of t h i s  a n a l y s i s  a r e :  
1. A complete s o l u t i o n  was obtained for p o s s i b l e  response s t u d i e s .  
2. Cri te r ia  f o r  u n s t a b l e  f requencies  of t h e  t i m e  varying t h r u s t  
were r e a d i l y  evident  because of t h e  form of t h e  s o l u t i o n .  
3. A l l  t h e  n a t u r a l  f r equenc ie s  of t h e  f r e e  v i b r a t i o n  of a 
simply supported c i r c u l a r  c y l i n d r i c a l  s h e l l  were obtained.  
The r e s t r i c t i o n s  of t h e  a n a l y s i s  a r e :  
1. The use of G a l e r k i n f s  procedure t o  s a t i s f y  t h e  equat ions of 
motion is  sone weighted average manner. 
Requiring t h a t  t h e  c e n t e r  of mass always remains a t  t h e  mid- 
p o i n t  of a l i a e  t h a t  connects t h e  c e n t e r s  of t h e  end s e c t i o n s  
so t h a t  t h e  edge cond i t ions  of  eqa. (47) a r e  a p p l i c a b l e .  
2. 
Futu re  work on t h i s  problem will be t o :  
1. General ize  t h e  model by using two c i r c u l a r  c y l i n d e r s  joined 
by a r i g i d  connector t o  s imulate  a l a r g e  boos te r .  
2. Allow d i f f e r e n t  end cond i t ions  SO as t o  remove t h e  second r e -  
s t r i c t i o n  l i s t e d  above. 
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